We report on variational solutions to the twelve-dimensional (12D) Schrödinger equation appertaining to the translation-rotation (TR) eigenstates of H 2 O@C 60 dimer, associated with the quantized "rattling" motions of the two encapsulated H 2 O molecules. Both H 2 O and C 60 moieties are treated as rigid and the cage-cage geometry is taken to be fixed. We consider the TR eigenstates of H 2 O@C 60 monomers in the dimer to be coupled by the electric dipole-dipole interaction between water moieties and develop expressions for computing the matrix elements of that interaction in a dimer basis composed of products of monomer 6D TR eigenstates reported by us recently [P. M. Felker and Z. Bačić, J. Chem. Phys. 144, 201101 (2016)]. We use these expressions to compute TR Hamiltonian matrices of H 2 O@C 60 dimer for two values of the water dipole moment and for various dimer geometries. 12D TR eigenstates of the dimer are then obtained by filter diagonalization. The results reveal two classes of eigenstates, distinguished by the leading order (first or second) at which dipole-dipole coupling contributes to them. The two types of eigenstates differ in the general magnitude of their dipole-induced energy shifts and in the dependence of those shifts on the value of the water dipole moment and on the distance between the H 2 O@C 60 monomers. The dimer results are also found to be markedly insensitive to any change in the orientations of the C 60 cages. Finally, the results lend some support for the interpretation that electric dipole-dipole coupling is at least partially responsible for the apparent reduced-symmetry environment experienced by H 2 O in the powder samples of H 2 O@C 60 [K. S. K. Goh et al., Phys. Chem. Chem. Phys. 16, 21330 (2014)], but only if the water dipole is taken to have a magnitude close to that of free water. The methodology developed in the paper is transferable directly to the calculation of TR eigenstates of larger H 2 O@C 60 assemblies, that will be required for more extensive modeling of crystalline H 2 O@C 60 . Published by AIP Publishing.
I. INTRODUCTION
Recent advances have made possible the synthesis of a variety of light-molecule endohedral fullerenes (endofullerenes) M@C 60 in which a light molecule M (M = H 2 , H 2 O, HF) is entrapped within the fullerene cage. [1] [2] [3] This confinement to a high degree isolates the endohedral molecule from strong interactions with entities other than the cage and gives rise to a new set of states associated with the quantized coupled translation-rotation (TR) motions of the molecule. Numerous studies, e.g., Refs. 3-26, experimental as well as theoretical, have focused on characterizing such TR states and much has been learned about the effects of near-spherical quantum confinement on nuclear motion.
When C 60 inclusion compounds contain molecules with permanent electric dipoles, such as H 2 O 2,21,23-27 or HF, 3 intriguing additional possibilities arise. Since the dipole-dipole interaction is relatively long range, it can couple the occupants of fullerene cages in close proximity. Such coupling a) Electronic mail: felker@chem.ucla.edu b) Electronic mail: zlatko.bacic@nyu.edu could appreciably modify the TR level structures of the endohedral molecules. Hence, the interpretation and modeling of experimental results relating to these states may well need to account for it. Moreover, the TR dynamics of two or more confined highly quantum polar molecules coupled through dipole-dipole interactions, but without any hydrogen bonds, and the resulting level structure, is of both fundamental and potentially practical significance. However, there has been no rigorous quantum treatment of this problem so far, and as a result even a qualitative understanding of its salient features is lacking, let alone a quantitative description.
To date, two systems suitable for investigating the dipolar interactions between neighboring H 2 O molecules, free from hydrogen bonding, have been synthesized. One of them is the dumbbell-shaped dimer of C 60 fullerenes, with a cyclobutanelike structure connecting the two C 60 moieties, and an H 2 O molecule encapsulated in each cage. 28 This H 2 O@C 60 dimer has not been studied spectroscopically yet. Theoretical investigation of this system has been limited to first-principles molecular dynamics simulations aimed at elucidating the relative arrangement of the two water dipoles, 29 leaving the issue of the coupled TR energy levels unexplored.
On the opposite end of the system size range from the H 2 O@C 60 dimer is the H 2 O@C 60 crystal, comprised of C 60 molecules whose centers of mass form a face-centered-cubic (fcc) lattice, with a water molecule entrapped in each fullerene cage. 30 This and other crystalline compounds composed of dipole@C 60 moieties represent the "practical realization of ideal electric dipolar lattices." 31 Therefore, the intriguing possibility exists that collective TR states exhibiting a high degree of dipole ordering, ones that could contribute to ferroelectric and/or antiferroelectric phase behavior, may be manifest in such systems at low temperatures. 31 In addition, it has been proposed that the ortho-para conversion in solid H 2 O@C 60 , which nuclear magnetic resonance (NMR) measurements revealed to follow second-order kinetics, "suggests a bimolecular process in which neighboring ortho-H 2 O pairs interact at close range." 24 The coupling between the dipoles of neighboring ortho-H 2 O molecules was postulated as a strong candidate for this interaction. 24 Consequently, having an accurate description of the TR levels of a pair of H 2 O@C 60 moieties coupled by dipole-dipole interactions is likely to play an important role in elucidating the mechanism of spin-isomer conversion in H 2 O@C 60 .
H 2 O@C 60 is one dipole@C 60 system for which there is some tentative experimental evidence for the perturbation of TR eigenstates by electric dipole-dipole interactions. Inelastic neutron scattering (INS) experiments performed on crystalline H 2 O@C 60 at low temperatures 21, 23 have directly probed transitions between the TR levels of the endohedral H 2 O. The results indicate that one such level, correlating with the threefold degenerate ground state (1 01 ) of the free ortho-H 2 O, 32 is split into two states with degeneracy 2 and 1, respectively, about 4 cm 1 apart. 23 Such splitting is evidence for a reduction in symmetry of the environment experienced by the water moieties in the solid phase to something less than the I h symmetry that characterizes the interaction of the guest H 2 O with the interior of isolated rigid C 60 . One possible source of this symmetry reduction is dipolar coupling between the water molecules in nearby cages. 23 However, that this coupling may not be solely responsible is indicated by the observation of the same type of symmetry breaking in H 2 @C 60 crystals, 9, 33 leading to the 1.1 cm 1 splitting of the ground state of the caged ortho-H 2 molecules. H 2 molecules have no permanent dipole moment, and the symmetry-breaking has been attributed to the orientational ordering of C 60 molecules in the solid phase at low temperatures that results in the axial site symmetry at the center of the C 60 cages. 9, 33 Assessing the magnitude of the contribution that dipole-dipole interactions make to the splitting of the ortho-H 2 O ground state in the H 2 O@C 60 crystal, as well as the possibility of significant dipole ordering in this system, is clearly something to which computational studies can contribute.
In a recent paper, 26 we reported the results of quantum six-dimensional (6D) calculations of the TR eigenstates of isolated H 2 O@C 60 , assuming rigid monomers and I h symmetry of C 60 . We have since realized that these results can be used as a base on which to build up solutions to the TReigenstate problem of much higher dimensionality associated with assemblies of H 2 O@C 60 moieties in 1D, 2D, and 3D arrays, coupled by dipole-dipole interactions. In this paper, we present the results from the first stage implementation of such a project. In particular, we report on the variational solution to the 12D TR Schrödinger equation of H 2 O@C 60 dimer. The system considered is depicted in Fig. 1 . Hereafter, it will often be denoted as (H 2 O@C 60 ) 2 . Besides being fundamentally important in its own right, H 2 O@C 60 dimer can be viewed as the smallest building block of the H 2 O@C 60 crystal that exhibits dipole-dipole coupling between the caged water molecules. Understanding the manifestations of this coupling in the TR eigenstates of the dimer is a prerequisite for future explorations of the evolution of the TR level structure of H 2 O@C 60 crystal fragments of increasing size. The results presented here are notable in several respects.
First, we identify two classes of dimer eigenstates. These are distinguished by the lowest order at which dipole-dipole coupling contributes to them. One class consists of states that arise predominantly from first-order coupling. They have relatively large coupling-induced energy shifts and exhibit significant correlation between the dipole directions of the two water moieties. The other class consists of states that arise predominantly from second-order dipole-dipole coupling. The energy shifts and dipole correlations associated with these states tend to be smaller than those of the first class. They also scale differently with dipole magnitude and with intercage distance.
Second, we find that the TR level structure of the dimer is effectively independent of the orientation of the fullerene cages with respect to one another and with respect to the intercage axis. We attribute this to the nearly spherically symmetric intermolecular potential energy surface (PES) for H 2 O inside C 60 . 26 Third, the results provide some support for the interpretation that the 1 01 band-splitting observed in INS experiments 23 is at least in part due to dipole-dipole coupling, but only if the water dipole has a magnitude, µ, close to that of free water. We find, in particular, that such coupling does indeed split the relevant dimer level into two, with the lower-energy level having twice the degeneracy of the upper one. This splitting is not appreciable if µ is taken as the screened value reported in Refs. 25 and 34. However, it is on the order of a wave number if µ is taken as the free water value. 35 Finally, the theoretical approach developed here to effect the construction of the TR Hamiltonian of H 2 O@C 60 dimer, i.e., that relating to the calculation of matrix elements of the dipole-dipole operator, is transferable in whole to the extremely challenging task of solving for the TR eigenstates of larger (H 2 O@C 60 ) n assemblies. Hence, the dimer treatment introduced in this paper lays the groundwork for more extensive modeling of solid-phase H 2 O@C 60 . The paper is organized as follows. In Section II, we define the H 2 O@C 60 dimer problem and express the TR Hamiltonian of (H 2 O@C 60 ) 2 as the sum of the TR Hamiltonians of the two H 2 O@C 60 monomers and a dipole-dipole interaction term-V dd . The latter is then manipulated into a convenient form for the eventual evaluation of matrix elements. Section III introduces the dimer basis as a set of products of monomer TR eigenstates. The primitive bases associated with the latter are also defined. Expressions aimed toward the evaluation of matrix elements of V dd in the basis corresponding to a dimer with a specific orientation of C 60 cages (the "master geometry") are then developed. In Section IV, we consider the extension of the latter expressions to dimer geometries in which the cage orientations are arbitrary. We show that this extension entails minimal computational cost once the mastergeometry matrix elements have been evaluated. In Section V, we present and discuss the results obtained from diagonalizing the dimer Hamiltonian for two different values of the water dipole moment and for various dimer geometries. Section VI summarizes the work and outlines possible directions of future research.
II. TR HAMILTONIAN OF DIPOLE-COUPLED H 2 O@C 60 DIMER
We consider (H 2 O@C 60 ) 2 , shown schematically in Fig. 1 , in which the monomers, "A" and "B," are composed of rigid H 2 O and C 60 moieties, and in which the C 60 cage-to-cage distance and the C 60 cage orientations are fixed. For each monomer (I = A/B), we define a right-handed cage-fixed Cartesian axis system (CF I ≡X I ,Ŷ I ,Ẑ I ) such that (a) its origin is at the cage center, (b)Ẑ I is one of the C 5 symmetry axes of the cage, and (c)Ŷ I is one of the C 2 symmetry axes of the cage. For each monomer, we also define a right-handed water-fixed Cartesian axis system (WF I ≡x I ,ŷ I ,ẑ I ) such that (a) its origin is at the center of mass (c.m.) of water I, (b)ẑ I is along the C 2 symmetry axis of that moiety and points away from the O nucleus, and (c)x I is in the plane of the molecule and makes an acute angle with the bond vector from the O nucleus to H nucleus #1 of that molecule. We denote the TR Hamiltonian of isolated monomer I asĤ I (Q I ) where Q I represents the six coordinates (r I , β I , α I , φ I , θ I , χ I ), with (r I , β I , α I ) the spherical polar coordinates that describe the position of the water-I c.m. with respect to the CF I frame and with (φ I , θ I , χ I ) the Euler angles describing the orientation of WF I with respect to CF I . The TR Hamiltonian of (H 2 O@C 60 ) 2 can then be written asĤ
where V dd (Q A , Q B ) is the energy associated with the interaction between the effective electric dipole moments of the two water moieties.
In what follows, we shall assume that we have in hand the eigenstates ofĤ A andĤ B . 26 Hence, there is no need to specify those operators explicitly. On the other hand, we do need an explicit expression for the function V dd (Q A , Q B ). To develop that expression it is convenient to work with a specific dimer geometry. (Later, in Section IV, we shall generalize to arbitary geometries.) The specific geometry that we use, the "master geometry," is one in whichX A X B ,Ŷ A Ŷ B , andẐ A andẐ B are both along the same line and pointing in the same direction as the vector, R 0 , which points from the center of cage A to that of cage B [a (C 60 ) 2 species with these same cage orientations has D 5d point-group symmetry]. For R 0 ≡ |R 0 |, we use 19.0 bohrs, close to the cage-to-cage separation in C 60 (s). 36 The V dd operator can be written as 37
where µ I is the dipole vector of water I and R = RR is the vector that points from the c.m. of water A to that of water B. We seek to express Eq. (2) in terms of the coordinate sets Q A and Q B . We start with
and
where
are spherical harmonics, and (θ I , φ I ) are, respectively, the polar angle and azimuthal angle that µ I makes with respect to a dimer-fixed (DF) Cartesian axis system whoseẐ axis isR. Given the orientations of CF I in the master geometry and the fact that µ I ẑ I , then by using Eq. (3.87) of Ref. 38 , one has
where D 1 m,q are Wigner rotation matrix elements that depend on the Euler angles, Ω, that rotate the CF I axes into alignment with the DF system. Note that Ω depend only on the c.m. coordinates of the two water moieties and on R 0 . Re-expressing Eqs. (3) and (4) by using Eqs. (5) and (6), one obtains
Finally, by using
[e.g., see Eq. (3.116) of Ref. 38] in Eq. (8), and then Eqs. (7) and (8) in Eq. (2), one obtains
This is the expression that we shall use. We remind that it has been derived for the master dimer geometry and does not apply to geometries in which the cage orientations are arbitrary.
III. (H 2 O@C 60 ) 2 BASIS SET AND MATRIX ELEMENTS OFĤ
A convenient basis for the diagonalization of the (H 2 O@C 60 ) 2 TR HamiltonianĤ [Eq. (1) 
where |n I , l I , m l,I are isotropic 3D harmonic-oscillator eigenstates dependent on (r I , β I , α I ), and | j I , m j,I , k I are symmetric-top eigenfunctions dependent on (φ I , θ I , χ I ). The dimer product basis, then, is a collection of compound states of the form |ψ 
where we have used the abbreviations κ I ≡ (n I , l I , m l,I ) and
Before considering the evaluation of Eq. (12), it is useful to note two sets of selection rules that apply to it. First, since V dd is independent of the rotation of either water moiety about its symmetry axis (i.e., is independent of χ A and χ B ), it cannot connect basis states with k A k A or k B k B . Since, also, only even (para) or only odd (ortho) k I contribute to a given |ψ are not both para or both ortho. The upshot is that the matrix ofĤ in the {|p, q } basis can be block-diagonalized into four blocks corresponding to the four sets of states {|para, para }, {|para, ortho }, {|ortho, para }, and {|ortho, ortho }.
A second set of selection rules can be identified by considering the behavior of V dd with respect to inversion of water-A's coordinates through the center of cage A. Such inversion transforms 26 We now develop an expression for the evaluation of Eq. (12) for the master dimer geometry. Using Eq. (10), the V dd matrix elements that appear on the rhs of Eq. (12) can be written as
The factors dependent on the c.m. coordinates can be readily evaluated by 6D quadrature. The rotational factors can be evaluated analytically
Equation (13) becomes (11) are appreciable. 26 As such, for a given dimer matrix element, many of the terms in the expansion on the rhs of Eq. (12) are negligible. These terms can be eliminated by including in the evaluation of Eq. (12) only the dominant |κ A γ A contributors to |ψ norm. More to the point, we have assessed the effect of changing the cutoff value on V dd matrix elements and on dimer eigenenergies. We have found that a factor-of-ten decrease in the cutoff value has an essentially negligible effect on both.
IV. V dd MATRIX ELEMENTS FOR ARBITRARY CAGE ORIENTATION
The use of Eq. (16) 
whereR(Ω I ) is the relevant rotation operator. The expansion coefficients
can be readily determined given the rotational transformation properties of the basis functions [see Eq. (11) ] that contribute to |ψ
With R p ,p evaluated, one can then use Eq. (17) to express the matrix elements corresponding to a dimer with arbitrarily rotated cages in terms of the matrix elements of V dd corresponding to the master geometry,
Equation (20) is exact if the monomer basis sets are complete. In practice, this will not be the case. Nevertheless, because of the near spherically symmetric environment within C 60 , the R p , p matrices tend to be quite sparse, and, as we have verified numerically, truncated summations in Eq. (20) produce very accurate results for matrix elements involving low-energy dimer states.
V. TR EIGENSTATES OF H 2 O@C 60 DIMER A. Results
We have used Eq. (16) to evaluate Eq. (12) for all the V dd matrix elements corresponding to a dimer basis which included all monomer TR levels up to an energy of 200 cm 1 above the monomer ground state-10 TR levels for para-H 2 O@C 60 and 12 TR levels for ortho-H 2 O@C 60 , 73 monomer TR states in total. The monomer TR eigenfunctions were those reported in Ref. 26 . For R 0 , we used a value of 19.0 bohr. For µ, we used two values: µ (1) = 0.2 a.u., the fullerene-screened value reported in Refs. 34 and 25, and µ (2) = 0.7325 a.u., close to the free-water value. 35 The matrix-element selection rules referred to in Section III were explicitly used to reduce the computational load of evaluating the V dd matrix elements. Further, as per the approximation described at the end of Section III, only the most dominant |κ I γ I contributors to a given |ψ 12). This markedly reduced the number of terms to be computed, while affecting accuracy only marginally, since the included basis states in all cases accounted for >99% of the norm of any given |ψ (I) p . The computed V dd matrix was added to the diagonal matrix ofĤ A +Ĥ B , and the resulting 5329 × 5329Ĥ matrix was diagonalized by the Chebyshev variant 39 of filter diagonalization. 40 Tables I-III present the results for the lowest-energy part of the (H 2 O@C 60 ) 2 TR level structure. Table I pertains to |para, para states, Table II to |ortho, ortho states, and Table III to |para, ortho /|ortho, para states. In the tables, we include ∆E (i) , the energy of each dimer state relative to the dimer ground state for dipole cases i = 1, 2 (see above), and δ
(i) dd
, the corresponding shift in the energy of each dimer state from the energy of the basis-state level that contributes the most to it (the "zeroth-order level"). 41 We also include (a) the identity of each zeroth-order level, (b) ∆E 0 , the energy of that level relative to that of the zeroth-order ground state, and (c) the symmetries of the monomer states that compose the level, which transform as irreps of molecular symmetry group I (12) h . [In regard to the characteristics of, and nomenclature pertaining to the monomer states that make up the zeroth-order levels, the reader is referred to Ref. 26 Tables I-III computed for the µ (2) case, and the corresponding zeroth-order levels, are shown in Fig. 2 .
.] Energy-level diagrams that include most of the dimer TR eigenstates in
Since the results are for the master geometry, TR eigenstates of the dimer can be classified (supplementary material) according to how they transform with respect to the operations of a molecular symmetry group, D 5d (M), isomorphic to D 5d . The same information-the D 5d (M) irrep to which a dimer level belongs-is also presented in the tables. In this regard, we note that, unlike in Tables I and II, the symmetry labels for  the states in Table III appear in pairs. This is because for each |para, ortho eigenstate there is an equal-energy |ortho, para eigenstate. The degenerate + and − combinations of these states belong to two different irreps of D 5d (M), so both such irreps are given in the table.
In addition to dimer calculations for the master-geometry, we have used the results of Section IV to compute TR eigenstates of the dimer for geometries corresponding to various randomly generated orientations of the fullerenes. As for the master-geometry calculations, we took R 0 = 19.0 bohr and µ = µ (1) or µ (2) . The results for these geometries are essentially identical to one another and to those of Tables I-III. This can be attributed to the very-nearly spherically symmetric water-C 60 interaction PES that we use. 26 Clearly arbitrary rotations of the C 60 moieties cannot substantially affect the dimer level structure given such a PES, since the effect of cage rotation on the monomer states is simply to transform them within nearly degenerate sets.
B. Discussion
In considering the H 2 O@C 60 dimer results, it is helpful to note at the start that the largest possible V dd -induced coupling between any two zeroth-order dimer states, given the assumed values of R 0 and µ (i) , is V
(1) dd,max = 2.6 cm 1 and V (2) dd,max = 34.3 cm 1 for µ (1) and µ (2) , respectively. These values give one a sense of the order-of-magnitudes to be expected for the computed δ
values. Two limiting cases can be discerned from the results of Tables I-III. The first, the "resonant-coupling" case, corresponds to TR eigenstates of the dimer derived predominantly from a zeroth-order level, the degenerate states of which are coupled to one another by V dd . These are the zeroth-order levels of the form |para 1 , para 2 /|para 2 , para 1 or |ortho 1 , ortho 2 /|ortho 2 , ortho 1 with |para 1 (|ortho 1 ) having parity opposite to |para 2 (|ortho 2 ). Two such levels are included in the results: |0 00 , 1 11 /|1 11 , 0 00 (Table I ) and |1 01 , 1 10 /|1 10 , 1 01 (Table II) . For this case, the leading contributions to V dd -induced shifts arise at first order in the degenerate perturbation theory. In consequence, the range of δ (i) dd corresponding to the eigenstates derived from each of these levels is large, i.e., a significant fraction of V
. Further, such range encompasses both significant negative and significant positive shifts. Both these features are also clearly evident in Fig. 2 .
The second ("nonresonant-coupling") case corresponds to TR eigenstates of the dimer derived predominantly from a zeroth-order level whose states cannot couple with one another via V dd because of the parity and/or the para/ortho selection rules. All the results in Table III correspond to this case: A zeroth-order state from the level |para 1 , ortho 1 cannot couple with any other state from the same level due to the parity rule. Neither can it couple with any state from the |ortho 1 , para 1 level because of the para/ortho rule. In Tables I and II , the dimer states derived from zeroth-order levels composed of monomer states having the same parity (e.g., |0 00 , 0 00 and |1 01 , 1 01 ) also belong to this case. The leading contributions to V dd -induced shifts for this case are at second order in the perturbation theory, not first. As a result, the ranges of δ
corresponding to the eigenstates in the nonresonant-coupling case are smaller than those in the resonant-coupling case, and they tend to be biased towards negative shifts.
It is evident from Tables I-III that when µ = µ (1) the effects of dipole-dipole coupling in (H 2 O@C 60 ) 2 are large enough to be realistically observable only for those states belonging to the resonant-coupling case. On the other hand, FIG . 2. Level diagrams pertaining to the (H 2 O@C 60 ) 2 translation-rotation states. The levels depicted by thick lines and labeled with assignments are zeroth-order levels. Those depicted to the immediate right of the zeroth-order levels correspond to dipole-coupled levels computed for the µ (2) case. The color of a dipole-coupled level matches that of its zeroth-order parent. For clarity's sake, the |para, para , |ortho, ortho , and |para, ortho sets of levels are separated horizontally. J. Chem. Phys. 146, 084303 (2017) observable shifts (∼1 cm 1 and larger) obtain for both coupling cases when µ = µ (2) . This difference, of course, can be attributed to the fact that V dd matrix elements, and thus δ (i) dd values, increase as dipole magnitudes increase. However, one also notes that the δ (i) dd scale differently with µ for the two coupling cases. For TR eigenstates belonging to the resonant case, δ
2 , whereas for those belonging to the nonresonant case δ 4 . Thus, a larger dipole has a considerably greater effect on the shifts of the latter states relative to those of the former.
The dimer TR eigenstates that arise from nonresonant coupling are also different from those that arise from resonant coupling with respect to the way in which their δ (i) dd values depend on R 0 . We have computed dimer TR states analogous to those of Tables I-III but . This is what one expects for shifts arising from dipole-dipole interactions at first order vs. shifts arising from such interactions at second order. In effect, the nonresonant-coupling case is analogous to that of dispersion interactions between spherically symmetric atoms: It is only by second-order coupling through off-resonance states that the overall "induced-dipole/induceddipole" coupling interaction develops between the species. The shifts in the resonant-coupling case are largely just diagonal V dd -induced shifts, which is apparent if one transforms the dimer basis by taking appropriate linear combinations of degenerate basis states.
A final point as to the differences between the TR eigenstates of the dimer associated with the two coupling cases relates to dipole ordering. Table IV presents The representative values presented are for the first three sets of |para, para states listed in Table I for the µ = µ (1) dipole case. For the two groups of states corresponding to the nonresonant coupling case, the correlations between theμ A andμ B directions are uniformly small. However, each of the states in the resonant-coupled group exhibits appreciable dipole ordering (figures in bold-face in Table IV) . Notably, the nature of that dipole ordering differs from state to state within the group. The two dipoles in the lowest energy state of the group-the one with the most negative δ (1) dd (see Table I )-tend to be parallel and to lie alongẐ (i.e., along the inter-cage axis R 0 ). The TABLE IV. Dipole-dipole correlations for selected dimer eigenstates. dipoles of the next higher-energy (doubly degenerate) level tend to be anti-parallel and aligned alongX orŶ (i.e., perpendicular to R 0 ). Those of the third-highest level of the group tend to be parallel and aligned alongX orŶ . And, those of the highest energy state tend to be anti-parallel and aligned alonĝ Z. (Of course it is no accident that the energetic favorability of these different dipole configurations correlates with the energy ordering of the states.) Dipole-correlation results for the other states listed in Tables I-III are in qualitative agreement with the results of Table IV: In general, dipole ordering is most prevalent for dimer TR eigenstates arising from resonant coupling.
In closing, it is pertinent to assess the relevance that the results presented here might have with respect to the experiment. Of particular interest in this regard are the inelastic neutron scattering (INS) results of Goh et al. 23 that provide evidence for a symmetry-breaking interaction in powder samples of H 2 O@C 60 . That evidence is the observed splitting of INS bands corresponding to transitions between the |0 00 and |1 01 levels of the encaged H 2 O. The observed bands, appearing at transition energies of 20-24 cm 1 , suggest that the |1 01 level, which should be three-fold degenerate for H 2 O in an icosahedral environment, splits into a doubly degenerate lower level and a nondegenerate upper level, separated by about 4 cm 1 . The authors propose dipole-dipole interactions between H 2 O@C 60 moieties as one possible source of the splitting. The dimer results do, and do not, support this possibility, depending on the magnitude of the water dipole. The transitions in the dimer that would correlate with the observed bands in question are those between the state with dominant |0 00 , 0 00 character (the dimer ground state, see Table I ) and those with dominant |0 00 , 1 01 /|1 01 , 0 00 character (see Table III ). Two such bands are predicted by our results. Moreover, consistent with the experiment, the lower-frequency band is indeed associated with |1 01 -containing levels that have twice the number of states (E 1g , E 1u ) as those associated with the higher-frequency band (A 1g , A 2u ). However, for the µ (1) case, the calculated splitting of these bands is too small to be observable. Hence the screened-dipole results are not supportive of the dipole mechanism as a source of the observed splitting. In contrast, for µ (2) , the computed splitting, about 1 cm 1 , is of the order of that observed in the INS results. Thus, because the relevant splitting scales as µ 4 , even the factor of ∼ 3.7 change in going from µ (1) to µ (2) leads to different assessments as to the role that dipole-dipole coupling might play in regard to the measured splitting. Furthermore, when comparing the theory and experiment, it should be kept in mind that in the H 2 O@C 60 crystal, each H 2 O@C 60 unit is coupled by dipole-dipole interactions to not just one neighboring unit, as in this work, but to at least 12 nearest neighbors, which may bring the magnitude of the calculated splitting closer to the observed value.
VI. CONCLUSIONS
We have performed variational 12D quantum calculations of the TR eigenstates of H 2 O@C 60 dimer. The 6D TR eigenstates of H 2 O@C 60 monomers in the dimer are considered to be coupled by the electric dipole-dipole interactions between the two caged H 2 O molecules. Expressions are developed for efficient computing of the matrix elements of the dipolar interaction in the dimer basis constructed from products of the TR eigenstates of the monomers that have been calculated by us recently. 26 Two distinct classes of dimer eigenstates emerge from the results, differing in the lowest order, first or second, at which dipole-dipole coupling contributes to them. TR eigenstates of the dimer arising predominantly from first-order coupling have rather large coupling-induced energy shifts relative to the corresponding (in zeroth-order) TR eigenstates of the monomer and display significant correlation between the directions of the two water dipoles. In contrast, dimer TR eigenstates that arise predominantly from second-order dipolar coupling generally exhibit smaller energy shifts and dipole correlations. The two classes of dimer eigenstates also differ markedly in the scaling of their energy shifts with the magnitude of the water dipole moment and with the distance between the C 60 cages. Changing the relative orientation of the fullerene cages is found to have virtually no effect on the TR level structure of the dimer, consistent with the nearly spherically symmetric H 2 O@C 60 PES employed. 26 Our results lend tentative support to the suggestion that the symmetry-breaking observed in an H 2 O@C 60 solid phase, 23 manifesting in the splitting of the 1 01 ground state of the entrapped ortho-H 2 O, may be due to dipole-dipole coupling, provided that the magnitude of the water dipole used in the calculations is close to that of free water.
The present study will be extended so as to allow more realistic comparison with experiment and to assess the possible existence of extensively dipole-ordered collective TR states in crystalline H 2 O@C 60 . This will entail computing the TR eigenstates of systems composed of more than just two H 2 O@C 60 moieties coupled by dipole-dipole interactions. The theoretical approach developed in this work for calculating the matrix elements of the dipole-dipole operator can be carried over directly to construct the Hamiltonian matrices for larger H 2 O@C 60 assemblies, given the pairwise nature of the dipolar interactions. Moreover, also because of this pairwise nature, these matrices will be very sparse. The upshot is that variational computations for assemblies at least as large as n = 6, and possibly significantly larger, are quite feasible. Work of this type is currently in progress in our laboratories.
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